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ABSTRACT
According to the gauge/gravity duality, the Van der Waals transition of charged AdS
black holes in extended phase space is conjectured to be dual to a renormalization group
flow on the space of field theories. So exploring the Van der Waals transition is poten-
tially valuable for studying holographic properties of charged black hole thermodynamics.
There are different transition behaviors for charged dilatonic AdS black holes in Einstein-
Maxwell-dilaton (EMD) theory with string-inspired potential with different dilaton coupling
constants in diverse dimensions. In this work, we find a special class of charged dilatonic
AdS black holes which have the standard Van der Waals transition. We study the extended
thermodynamics of the special class of black holes, which, in the extremal limit, have near-
horizon geometry conformal to AdS2 × SD−2. We find that, for these black holes, both the
pressure-volume transition in fixed charge ensemble and the inverse temperature-entropy
transition in fixed pressure ensemble have the standard Van der Waals behaviors. We also
find the holographic entanglement entropy undergoes the same transition behaviors for the
same critical temperature in fixing the thermodynamic pressure ensemble.
sllee phys@bit.edu.cn haowei@bit.edu.cn
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1 Introduction
According to gauge/gravity duality, also known as anti-de Sitter/conformal field theory
(AdS/CFT) correspondence [1–3], there are deep connections between anti-de Sitter (AdS)
black holes and strongly coupled large N field theory. The dual CFT of Hawking-Page
phase transition [4] of Schwarzchild AdS black hole was interpreted clearly as a confine-
ment/deconfinment phase transition by Witten [5]. However, the exact dual field inter-
pretation of Van der Waals transition of Reissner-Nordstro¨m (RN) AdS black hole is still
unknown. Actually, the phase transitions of charged AdS black holes have been studied
in many literatures, e.g. [6–9]. Recently, the idea of treating cosmological constant and
its conjugate quantity as thermodynamic pressure and thermodynamic volume in first law
of black hole thermodynamics were studied in Refs. [10–12] and then the phase transition
in extended phase space was considered in Ref. [13]. There appear several new interesting
transition behaviors, such as λ-line transition [14], reentrant phase transitions [15–19], triple
points [17,20,21], special isolated critical point [22], transition at negative pressure [23] and
so on [24, 25] in extended phase space. We refer to e.g. [26, 27] and references therein for
more details of this subject.
Recently, a conjecture [28] was proposed that the Van der Waals transition in extended
phase space is related to renormalization group (RG) flow which is an holographic explana-
tion of extended thermodynamics of black hole. Some other related efforts, e.g. [25,29–45],
have been made in such interpretation. So as the first step to study the holographic proper-
2
ties of thermodynamics of charged AdS black holes, exploring the Van der Waals behaviors
in corresponding gravities is worth to do. Actually, the standard Van der Waals behavior
does not always exist in charged AdS black hole systems. For examples, according to re-
cent works [23, 25], there are different phase transition behaviors in charged dilatonic AdS
black holes in a class of Einstein-Maxwell-dilaton (EMD) theory, which can be embedded in
gauged supergravites, for different dilaton coupling constant a, also known as N , in diverse
dimensions.
The extremal RN black holes in supergravity can be viewed as one of the bound states
of the basic U(1) building blocks with zero binding energy [46, 47]. On the other hand,
while EM theories can be embedded in string and M-theory in four and five dimensions
only, charged dilatonic AdS black holes in gauged supergravities [48–51] can be embedded
in higher dimensions. The considered EMD theory with string-inspired potential, as a
concrete gravitational theory, can be generalized to arbitrary dimensions [52].
From Refs. [23, 25], we find that only the four-dimensional N = 3 and five-dimensional
N = 2 cases have the traditional Van der Waals behavior which is the same as the RN-AdS
black hole in the frame of gauge supergravity. It is natural and valuable to ask whether
the Van der Waals behaviors of D = 4, N = 3 and D = 5, N = 2 cases are coincidences.
Is there some deep reason for the existence of Van der Waals behaviors in four and five
dimensions? Can we observe the same behaviors in higher than five dimensions in the
EMD theory with supergravity properties? We find charged dilatonic AdS black holes in
D = 4, N = 3 and D = 5, N = 2 cases share a common point that having near-horizon
geometry conformal to AdS2 × SD−2 in the extreme limit [52, 53], while extremal RN-AdS
black holes have near-horizon geometry AdS2 × SD−2 [54]. So we conjecture the similar
near-horizon geometry may be related to the same behavior as the phase transition. In order
to demonstrate our conjecture, we generalize previous transitions from gauged supergravity
to EMD theory with supregravity properties in general dimensions. For this special class of
black holes with near-horizon geometry conformal to AdS2 × SD−2, the phase transitions
in fixing both the charge and thermodynamic pressure ensembles are indeed standard Van
der Waals behaviors.
On the other hand, holographic entanglement entropy (HEE) which enjoys much atten-
tion since proposed by Ryu and Takayanagi [55,56] undergoes also standard Van der Waals
behaviors in RN AdS black holes instead of Bekenstein-Hawking entropy [57]. The HEE
transitions were also studied in many other modified gravities, i.e. [58–75]. And the Van der
Waals transition behavior in charged dilatonic AdS black holes in four-dimensional gauged
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supergravity also exists in N = 3 case only [25]. So it is natural to check whether Van der
Waals transition behavior exists in the special class charged dilatonic AdS black holes with
conformal AdS2 × SD−2 near-horizon geometry in general dimensions.
The paper is organized as follows. In section 2, we review the thermodynamics of
dilatonic charged AdS black holes in EMD theory with string-inspired potential and study
the near-horizon geometry properties of the special class black holes. In section 3, we study
the extended thermodynamics of the special class black holes, especially thermodynamic
pressure versus volume transition in fixing the charge ensemble and the inverse temperature
versus Bekenstein-Hawking entropy in fixing pressure ensemble. We find the transitions
have standard Van der Waals behaviors in both cases. In section 4, we review the HEE and
calculate it numerically. Then we study the inverse temperature versus the HEE transition
in fixing the pressure ensemble. We find the standard Van der Waals behaviors still exist.
We conclude in section 4.
2 Charged dilatonic AdS black holes with conformal AdS2×
SD−2 near-horizon geometry
The Lagrangian of the general EMD theory consisting of gravity, a single Maxwell field A,
and a dilaton field φ in D ≥ 4 dimensions is given by
e−1L = R− 1
2
(∂φ)2 − 1
4
eaφF 2 − V (φ) , (2.1)
where e =
√−g, F = dA, V is scalar potential inspired by gauged supergravities. For later
purposes, it is convenient to reparametrize the dilaton coupling constant a by [52]
a =
√
4
N
− 2(D − 3)
D − 2 . (2.2)
The reality condition of a requires that the constant N must satisfy
0 < N ≤ NRN , with NRN = 2(D − 2)
D − 3 . (2.3)
The charged dilatonic AdS black holes with a can be viewed as dilatonic AdS black hole
with N equal charges [46, 47]. So the value of N should be positive integers required by
supergravity. However, as a concrete gravitational theory, any value of N satisfying Eq. (2.3)
is allowed. When N = NRN , i.e., a = 0, the dilaton decouples and the theory reduces to
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EM theory. Although the Lagrangian can be made real by letting φ→ iφ when N > NRN ,
we shall not consider such a situation at all. The potential can be expressed in terms of a
super potential W [52],
V =
(
dW
dφ
)2
− D − 1
2(D − 2)W
2 , with W =
1√
2
N(D − 3)g
(
e−
1
2
aφ − a
a˜
e−
1
2
a˜φ
)
, (2.4)
where a˜a = −2(D − 3)/(D − 2) and g is the gauge coupling constant (there should be no
confusion between the gauge coupling constant and the determinant of the metric).
The static AdS black hole solutions for the Lagrangian (2.1) with scalar potential (2.4)
and constraints (2.2) are given by [52]
ds2 = −h−D−3D−2Nfdt2 + h ND−2
(dr2
f
+ r2dΩ2D−2
)
, (2.5)
A =
√
N(m+ q)
q
h−1dt , φ =
1
2
Na log h , (2.6)
f = 1− m
rD−3
+ g2r2hN , h = 1 +
q
rD−3
, (2.7)
where parameters m and q characterize mass and electric charge, and dΩ2D−2 represents the
unit (D− 2)-sphere, (D− 2)-torus or hyperbolic (D− 2)-space. The topological black holes
can be easily obtained by some appropriate scaling. In our work, we only consider spherical
black holes for simplification.
The event horizon of the black hole is determined by the largest (real) root of f(r0) = 0.
The thermodynamic quantities are given by [52,76]
M =
pi
D−3
2
8 Γ(D−12 )
((D − 2)m+ (D − 3)Nq) , (2.8)
T =
f ′
4pih
N
2
, S =
1
4
A = pi
D−1
2 rD−20
2 Γ(D−12 )
h
N
2 , (2.9)
Q =
(D − 3)piD−32
8 Γ(D−12 )
√
Nq(m+ q) , Φ =
√
N(m+ q)
q
(
1− 1
h
)
, (2.10)
where Γ indicates the gamma function, and (M,T, S,Q,Φ) denote mass, Hawking temper-
ature, entropy, electric charge and electric potential respectively.
The extremal black holes can be obtained by requiring f(r0) = f
′(r0) = 0, but with
f ′′(r0) 6= 0. The extreme limit is also called zero temperature limit. The extremal black
holes in EMD theory with two Maxwell field [52] always exist for any dilaton coupling
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constant because the theory reduces to EM theory when the two Maxwell field are equal.
However, the existence of extremal black hole in EMD theory with single Maxwell field (2.1)
depends on the value of N . For general N , f ′(r0) becomes
f ′(r0) = (D−1−N(D−3))g2r0(1+ q
rD−30
)N+
D − 3
r0
+N(D−3)g2r0(1+ q
rD−30
)N−1 . (2.11)
According to Eq. (2.9), the temperature is given by
T =
D − 3
4pi
[(D − 1
D − 3 −N
)
(q + rD−30 )
N
2 g2r
2−(D−3)N
2
0 + (q + r
D−3
0 )
−N
2 r
− 2−(D−3)N
2
0
+Ng2(q + rD−30 )
N−2
2 r
D−3
2
(NRN−N)
0
]
.
(2.12)
It is easy to see that the last two terms in the bracket in the above equation are always
greater than zero. There is a special value
N? =
D − 1
D − 3 , with a =
√
2
(D − 1)(D − 2) (D − 3) . (2.13)
For N < N?, T is always greater than 0. For N? < N ≤ NRN , there must exist extremal
black holes for proper parameters. If we choose N = N?, there is also a extreme limit as
r0 → 0. The special dilaton coupling constant can be viewed as a bound threshold for the
existence of extremal black hole. We plot the relations between T and r0 for both cases
in Fig. 1. In this case, the lowest order of r, 1/rD−3, in f cancels for m = g2qN? and f
0
r00
T
0
r00
T
0
r00
T
Figure 1: Qualitative relations between T and r0 for different values of N by fixing the
charge parameter q and gauge coupling constant g. Left: 0 < N < N?; middle: N = N?;
right: N? < N ≤ NRN .
becomes a nonvanishing constant as r → 0. The r0 = 0 is then a null horizon where the
horizon and curvature singularity coincide. In this case, near the null horizon, r → 0, the
solution (2.5) becomes
ds2 = −f0( q
rD−3
)−
D−1
D−2dt2 + f−10 (
q
rD−3
)
D−1
(D−2)(D−3)dr2 + (
q
rD−3
)
D−1
(D−2)(D−3) r2dΩ2D−2
6
= r
D−3
D−2 (−c1rD−3dt2 + c2r−2dr2 + c3dΩ2D−2)
= r˜−
2
D−2 (
−dt˜2 + dr˜2
r˜2
+ dΩ˜2D−2) , (2.14)
where
f0 =
D − 1
D − 3g
2q
2
D−3 , c1 = f0 q
−D−1
D−2 , c2 = f
−1
0 q
D−1
(D−2)(D−3) , c3 = q
D−1
(D−2)(D−3) . (2.15)
The near-horizon geometry becomes conformal AdS2 × SD−2. To be specific, the metric
r˜
2
D−2ds2 becomes AdS2 × SD−2 around r˜ = 0. So charged dilatonic AdS black holes with
N = N? have the similar near-horizon structure with the RN-AdS black holes with N =
NRN in EMD theory. In the range of N? < N ≤ NRN , the black hole must have the
similar behaviors. So we can say the Van der Waals behaviors must exist in the range
N? ≤ N ≤ NRN at least in zero temperature limit. However, at finite temperature, the
phase transition behaviors are still unclear. We will study the behaviors in the next section.
3 Extended thermodynamics
In this section we study the extended thermodynamics of charged dilatonic AdS black holes
in EMD theory with N = N?. The gauge coupling constant (cosmological constant) can be
interpreted as thermodynamical pressure P in the extended phase space,
P = − 1
8pi
Λ =
(D − 1)(D − 2)
16pi
g2 . (3.1)
The corresponding thermodynamic volume is given by
V = 2pi
D−1
2 (q +R)N−1
(D − 1) Γ(D−12 )
(
R+
(
1− N
NRN
)
q
)
RN
?−N , (3.2)
where R = rD−30 . The thermodynamic volume satisfies the “reverse isoperimetric inequal-
ity” conjecture [12]. Although the conjecture is not proven, it has been checked in most
black holes and follows from the null-energy condition [76]. In order to study the P − V
phase transitions, it is convenient to introduce a special volume v by analyzing the dimen-
sional scaling. By assuming the shape of black hole is regular sphere, the special volume
can be viewed as the effective radius of black hole,
2pi(D−1)/2
(D − 1)Γ(D−12 )
vD−1 = V ⇒ v =
((D − 1)Γ(D−12 )V
2pi(D−1)/2
) 1
D−1
. (3.3)
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Together with other thermodynamical quantities (2.8)-(2.10), we have the following first
law and Smarr relation
dM = TdS + ΦdQ+ VdP , (3.4)
M =
D − 2
D − 3TS + ΦQ+
2
D − 3VdP . (3.5)
We present the values of the special dilaton coupling constant in diverse dimensions
in Table 1. The four- and five- dimensional cases coincide with gauged supergravities.
D 4 5 6 7 8 9 10 11 · · · ∞
N? 3 2 5/3 3/2 7/5 4/3 9/7 5/4 · · · 1
a 1/
√
3
√
2/3 3/
√
10 4/
√
15 5/
√
21 3/
√
7 7/6 8/(3
√
5) · · · √2
Table 1: The values of N? and corresponding a in diverse dimensions.
The theory with N = 1 case in infinite D dimension (large D limit) is coincident with
gauged Kaluza-Klein theory. The P − v phase transitions of RN-AdS black holes in the
extended phase space undergo the Van der Waals behaviors [13]. The similar transition
behaviors of charged dilatonic AdS black holes in gauged supergravities have also been
studied in Refs. [23, 25]. There are only two cases D = 4, N = 3 and D = 5, N = 2 that
have existing standard Van der Waals behavior. Both cases are subset of N = N? and
share the same near-horizon geometry. So we study the P − v phase transition in EMD
theory with supergravity property with special dilaton coupling constant N = N? in diverse
dimensions. On the other hand, inverse temperature versus Bekenstein-Hawking entropy
and HEE transitions of RN-AdS black holes [57] and STU black holes with three equal
charges [25] also have the Van der Waals behaviors. So we also want to study whether the
similar behaviors exist in EMD theory with the special dilaton coupling constant N = N?.
In this section, we study the P − v and T−1 − S phase transitions of the charged dilatonic
AdS black holes in extended phase space. We fix the electric charge Q and thermodynamical
pressure P respectively, and do not treat them as thermodynamical variables in each case.
The first law reduces to
dM = TdS + VdP , and dM = TdS + ΦdQ , (3.6)
for each case.
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3.1 P − v criticality
Firstly, we study the P − v transition by treating charge Q as constant. The temperature,
thermodynamical pressure and special volume can be written as
T = −R
1
2
2pi
(q +R)−
N?
2 +
16Q2Γ2[D−12 ]
(D − 3) q piD−2 R
1
2 (q +R)
− 3D−7
2(D−3) , (3.7)
P =
NRN
32pi
(
64Q2Γ2[D−12 ]
qpiD−3
− (D − 1)(D − 3)(q +R)
)
(q +R)−N
?
, (3.8)
v = (q +R)
2
(D−1)(D−3)
( q
NRN
+R
) 1
D−1
. (3.9)
It is hard to obtain the exact EoS because the temperature, thermodynamical pressure and
volume are coupled with each other. However, we can study the phase transition by numeric
method. To be specific, we set Q = 1. The P − v diagram is given by Fig. 2. We illustrate
5 10 15 20
v
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Figure 2: Isotherms in P − v diagrams of charged dilatonic AdS black hole in diverse
dimensions with N = N?. We set Q = 1. Top left: D = 4; top right: D = 5; down left:
D = 6; down right: D = 7. The blue, orange and green lines represent isotherms with
T = 1.5 Tc, Tc, and 0.5 Tc from top to bottom. The black points represent critical points.
only D = 4, 5, 6, 7-dimensional cases to show the transition behaviors. The P − v criticality
in four- and five- dimensional cases have been analyzed in Refs. [23, 25]. However, as the
special cases in our analysis, we present them here for comparison. We also explore the
transition in higher dimensions and find the behaviors are the same. From the diagram,
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we find the P − v phase transitions in diverse dimensions undergo standard Van der Waals
behaviors. As the volume decreases to zero, the pressure increase to infinity. As the volume
goes to infinity, the pressure goes to zero. The corresponding critical point can be obtained
numerically by
∂P
∂v
∣∣∣
Tc
= 0 ,
∂2P
∂v2
∣∣∣
Tc
= 0 . (3.10)
The critical points are given in Table 2. We also study the phase transition in another
D Tc vc Pc PcvcTc
4 0.0233 Q−1 4.26 Q 0.000983 Q−2 0.179
5 0.154 Q−1/2 1.62 Q1/2 0.0292 Q−1 0.308
6 0.324 Q−1/3 1.25 Q1/3 0.1539 Q−2/3 0.435
7 0.496 Q−1/4 1.14 Q1/4 0.245 Q−1/2 0.561
· · · · · · · · · · · · · · ·
∞ ∝ Q−1/(D−3) ∝ Q1/(D−3) ∝ Q2/(D−3) · · ·
Table 2: The temperature, thermodynamical pressure, special volume and universal relation
of critical points in diverse dimensions.
perspective by plotting the T − v transition fixing the thermodynamic pressure. The T − v
diagram is given by Fig. 3. For fixing pressure, the critical points can also be obtained by
∂T
∂v
∣∣∣
Pc
= 0 ,
∂2T
∂v2
∣∣∣
Pc
= 0 . (3.11)
The results are the same as in Table 2.
After obtaining the P − v and T − v diagrams, together with analysis in the previous
section, we can try to explain the P − v transition behaviors in EMD theory for different
gauge coupling constants. In the cases N = 1, D = 4, 5, 6, 7 dimensions, and N = 2 in D = 4
dimension which are coincident with gauge supergravities, the Van der Waals behaviors are
absent because there is no extremal black hole in the range of 0 < N < N?. In these
cases, temperature cannot go to zero which is different from the standard Van der Waals
behaviors in Fig. 3. In the cases N = 2 in six and seven dimensions which are coincident
with gauge supergravities, the phase transition behaviors can be viewed as Van der Waals-
like behaviors. At high temperature, there are two branches of isotherms of which one is
the same as the standard Van der Waals behavior and corresponds to positive pressure,
and the other one is different and corresponds to negative pressure. As the temperature
goes to zero, the negative branch disappears because the near-horizon geometries are also
conformal AdS2 × SD−2 in the range of N? < N ≤ NRN . For cases N = 3, D = 4 and
N = 2, D = 5 which are the special cases of N = N?, as the threshold and the low bound of
10
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Figure 3: Isobars in T − v diagrams of charged dilatonic AdS black hole in diverse dimen-
sions with N = N?. We set Q = 1. Top left: D = 4; top right: D = 5; down left: D = 6;
down right: D = 7. The blue, orange and green lines represent isobars with P = 1.5 Pc,Pc,
and 0.5 Pc from top to bottom. The black points represent critical points.
the existence of extremal black hole, have the same behaviors as the RN-AdS black holes.
In order to give the complete analysis of extended thermodynamics, we also study the
Gibbs free energy, P−T plane and obtain critical exponents. The Gibbs free energy can be
obtained simply by G ≡ G(T,P) = M − TS. According to [13], we also plot the isobars of
G−T diagrams and P −T plane in Figs. 4 and 5. It can be viewed as small-big black hole
transition similar to liquid-gas transition [13]. The critical exponents which characterizing
the phase transition are given by
α = 0 , β =
1
2
, γ = 1 , δ = 3 . (3.12)
which is the same as the standard Van der Waals phase transition [13].
3.2 T−1 − S criticality
Now, we study the inverse temperature versus the Bekenstein-Hawking entropy transition
by fixing the thermodynamical pressure independent with dimension, i.e. the gauge coupling
constant g. From Ref. [25], the T−1 − S transition of the STU black hole with three equal
11
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Figure 4: Isobars in G − T diagrams of charged dilatonic AdS black hole in diverse
dimensions with N = N?. We set Q = 1. Top left: D = 4; top right: D = 5; down
left: D = 6; down right: D = 7. The blue, orange and green lines represent isobars with
P = 1.2 Pc,Pc, and 0.7 Pc from top to bottom. The black points represent critical points.
charges and the RN-AdS black hole have standard Van der Waals behaviors. Now we study
the general dilatonic AdS black holes in EMD theory with the special dilaton coupling
constant N = N?. The temperature, entropy and charge can be written as
T =
D − 3
4pi
[
(q +R)−
N?
2 R
1
2 +N?g2(q +R)−
D−5
D−3R
1
2
]
, (3.13)
S =
pi
D−1
2 R
1
2
2 Γ(D−12 )
(q +R)
N?
2 , (3.14)
Q =
(D − 3)piD−32
8 Γ(D−12 )
√
qN?(q +R+ g2(q +R)N?) , (3.15)
It is also hard to obtain the exact EoS for (T, S,Q) system. We study the phase transition
by numeric method used before. To be specific, we set g = 1. The T−1 − S diagram is
given by Fig. 6. We also illustrate only D = 4, 5, 6, 7 dimensions to show T−1−S behaviors.
And we find the higher dimensional cases have the same behaviors. From Fig. 6, we find
T−1 − S transition have standard Van der Waals behaviors. As the entropy decreases to
zero, the inverse temperature increases to infinity. As the entropy goes to infinity, the
12
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Figure 5: P − T phase diagrams for diverse dimensions. Top left: D = 4; top right: D = 5;
down left: D = 6; down right: D = 7. The black points are critical points at the end of the
coexistence lines.
inverse temperature goes to zero. The corresponding critical point can be obtained by
∂T
∂S
∣∣∣
Qc
= 0 ,
∂2T
∂S2
∣∣∣
Qc
= 0 . (3.16)
The critical points are given in Table 3 We can also obtain the corresponding critical expo-
D Qc T
−1
c Sc
QcT
−1
c
Sc
4 0.0907 g−1 3.89 g−1 0.468 g−2 0.754
5 0.122 g−2 0.227 g−1 0.903 g−3 0.307
6 0.150 g−3 1.64 g−1 1.30 g−4 0.190
7 0.168 g−4 1.29 g−1 1.58 g−5 0.137
· · · · · · · · · · · · · · ·
∞ ∝ g−(D−3) ∝ g−1 ∝ g−(D−2) · · ·
Table 3: The charge, temperature, Bekenstein-Hawking entropy and universal relation of
critical points in diverse dimensions.
nent δ1 characterizing the transition from
T−1 − T−1c ∝ |S − Sc|δ1 ⇒ δ1 = 3 , (3.17)
13
0.2 0.4 0.6 0.8 1.0 1.2 1.4
S2
3
4
5
6
7
8
T
-1
0.5 1.0 1.5 2.0
S
2.0
2.5
3.0
3.5
4.0
T
-1
0.5 1.0 1.5 2.0 2.5
S
1.4
1.6
1.8
2.0
2.2
2.4
T
-1
0.5 1.0 1.5 2.0 2.5 3.0
S1.2
1.3
1.4
1.5
1.6
T
-1
Figure 6: Iso-charges in T−1 − S diagrams of charged dilatonic AdS black hole in diverse
dimensions with N = N?. We set g = 1. Top left: D = 4; top right: D = 5; down
left: D = 6; down right: D = 7. The blue, orange and green lines represent isobars with
Q = 1.5 Qc, Qc, and 0.5 Qc from top to bottom. The black points represent critical points.
which is the same as the critical exponent δ in fixing the charge ensemble by the numerical
method.
4 HEE
After studying the extended thermodynamics of charged dilatonic AdS black hole systems
with near-horizon geometry conformal to AdS2×SD−2 in the bulk view, we find both P−v
and T−1 − S transitions have the standard Van der Waals behaviors. Now we consider
whether HEE undergoes the same transition behaviors in the dual field theory. We start
with a review of Ryu-Takayanagi (RT) prescription following e.g. [55, 56] and calculate
the HEE of charged dilatonic AdS black holes in general EMD theory with string-inspired
potential. Then we plot the transition behaviors.
In the frame of field theory, for a bipartitioning of Hilbert space Hα system, it can be
decomposed into two separate tensor factors
⊗α Hα ∼= HA ⊗HAc , (4.1)
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where A and Ac are the region within and outside the boundary, entangling surface, ∂A.
We can construct an operator, reduced density matrix, ρA that acts on HA by tracing out
the other HAc ,
ρA = TrAc(|Ψ〉 〈Ψ|) , (4.2)
where the pure quantum state |Ψ〉 is an element of tensor product Hilbert space. In order to
quantifying the amount of entanglement existing in the state |Ψ〉 by spatial decomposition.
We can introduce the von Neumann entropy of reduced density matrix,
S = −TrA(ρA log ρA) , (4.3)
which is also referred to as entanglement entropy (EE).
Now we consider the EE in AdS/CFT correspondence frame. Consider a CFT living
on boundary B whose geometry is described by metric hµν . We can take a region A with
entangling surface ∂A to lie on some Cauchy slice which is the subset of boundary, so EE
can be computed holographically at some constant time slice. We can choose a coordinate
systems ξa on the surface ∂A via a set of mappings xµ(ξa). The induced metric is given by
ds2∂A = hµνdx
µdxν = hµν
∂xµ
∂ξa
∂xν
∂ξb
dξadξb . (4.4)
Assuming there is a bulk M with metric gµν dual to the boundary CFT, and according to
RT prescription, we need to find a codimension-two extremal surface EA satisfying boundary
condition EA|B = ∂A in bulk spacetime. The induced metric with extremal area is given by
ds2EA = gµνdx
µdxν = gµν
∂xµ
∂ξa
∂xν
∂ξb
dξadξb . (4.5)
So we have
hµν = gµν
∂xµ
∂ξa
∂xν
∂ξb
. (4.6)
We should find the one of the extremal surfaces satisfying homology requirement that has
the smallest area. The HEE is given by the area of this minimal extreme surface in some
sense similar to Bekenstein-Hawking entropy formula,
SA =
Area(EA)
4 GD
, (4.7)
where GD is the D dimensional Newton constant and we set 4 GD = 1 in reminder discus-
sion.
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Consider a constant time slice and take a spherical region within and outside the entan-
gling surface as θ = θ0. We must find the extremal area surface in the bulk, the coordinates
ξa = (θ, x1, . . . , xD−3). Because the geometry of bulk region is spherical symmetric, so the
radial coordinate of the extremal surface in bulk region is only dependent on θ. We assume
the extremal surface running from r = r0 at θ = 0 to r →∞ at θ = θ0. Due to the extremal
area has the minimal area, we can treat the entropy as an action
SA = ΩD−3
∫ θ0
0
dθ sinD−3(θ) rD−3h
N?
2
√
r2 +
r˙2
f
, (4.8)
where ΩD−3 = 2pi(D−2)/2/Γ((D−2)/2), and extremize it through Euler-Lagrangian equation
with respect to r(θ). In order to avoid the divergence, we can integrate to some cutoff
θc . θ0. And in order to filter out the thermal entropy, we choose the entangling surface
as a small value for θ0. To be specific, we choose θ0 = 0.2, and the cutoff θc = 0.199. Since
the EE is UV-divergent, it needs to be regularized. The minimal area of AdS vacuum can
exactly be given by
r =
1
g
(
cos2 θ
cos2 θ0
− 1
)− 1
2
. (4.9)
The minimal area of black hole can be calculated numerically. Then we subtract the en-
tropy of extremal surface in AdS vacuum from the black hole. The result ∆S is so called
renormalized entanglement entropy. The T−1 − ∆S diagram is given by Fig. 7. From
Fig. 7, it can be seen that HEE undergoes the same Van der Waals transition behavior too.
The above transition behavior would not change as the choice of the value of θ0 since we
check it for different values. The critical exponent for the above transition behavior can be
calculated numerically by
T−1 − T−1c ∝ |∆S −∆Sc|δ2 ⇒ δ2 = 3 , (4.10)
which is the same as the critical exponent δ of the P − v transition.
5 Conclusions
As the first step in studying the holographic properties of the Van der Waals transition
of charged dilatonic AdS black holes, we study the extended thermodynamics in EMD
theory with string-inspired potential in general dimensions. By studying both the P − v
transition in fixing the charge ensemble and the T−1 − S transition in fixing the pressure
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Figure 7: Iso-charges in T−1 − δS diagrams of charged dilatonic AdS black holes in diverse
dimensions with N = N?. We set g = 1. Top left: D = 4; top right: D = 5; down
left: D = 6; down right: D = 7. The green, orange and blue lines represent isobars with
Q = 1.5 Qc, Qc, and 0.5 Qc from top to bottom. The dash lines represent inverse critical
temperatures.
ensemble in extended phase space, we find there exist standard Van der Waals transitions
for a special class of black holes with near-horizon geometry conformal to AdS2 × SD−2
with special dilaton coupling constant N = N? which is different from its counterparts
with other dilaton coupling constants. Instead of Bekenstein-Hawking entropy, we find
HEE also undergoes the same transition behavior. The near-horizon geometries of RN-
AdS black holes are AdS2 × SD−2, and the near-horizon geometries of the special class of
charged dilatonic AdS black holes with dilaton coupling constant N = N? are conformal to
AdS2 × SD−2 in the extremal or nearly extremal limit. Our results demonstrate that the
near-horizon geometry AdS2×SD−2 is not necessary for the existence of the Van der Waals
transition. The near-horizon conformal to AdS2 × SD−2 is enough to realize the standard
Van der Waals behaviors.
There are many further considerations in our work. First, based on the conjecture of
the holographic interpretation of the Van der Waals behaviors [28], it would be interesting
to study the holographic heat engines of this special class of black holes in EMD theory.
Second, though we find the black hole with similar near-horizon geometry has the same
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transition behaviors, we cannot say definitively that the similar near-horizon geometry is
the real reason for the existence of Van der Waals behaviors. The thermodynamic quantities
are coupled with each other and we cannot obtain the EoS exactly. So it is worth it to
study the deep reason and check more black holes such as rotating [77], dyonic [78–80],
and accelerating [81] black holes and so on, in EMD theory and ω-deformed gauged KK
supergravity. Because the dilatonic black hole can be lifted in M-branes and Dp-branes [82],
we can also study the extended thermodynamics in the M-brane background [83]. Third,
because we obtain the HEE of the special class dilatonic charged AdS black holes, it is also
worth it to study some other entanglement quantities, such as Wilson loops and correlation
functions.
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